NUMEROUS SERIES (II - PART)

D' Alember criteria

an+l

a,

If for series Z a, thereis lim| ==L =1 then:

n—>x0

n=l1
- For r>1 series is divergent
- For r=1 undecidable
- For r<1 series is convergent

Example 1.

o0

1
Examlne the convergence Of Serles Z—'
n=1 N

Solution:

First, to determine a, . Here itis a, = i' (Ie take all the behind the label of the series). Further determined a, .,
n!

How?

Watch a, and instead n we put n+/ ,so a,,
(n +1)!

Now we use D" Alember criteria:

1
1 ‘ T ) Loo(n+1)>:\ Loo(n+1) ’

an+1

lim =lim
n—>oo‘ a n—»o0
n

n!

o0

1
So, we got r=0 <1, and by this criteria, series Z—' converges.
n=1 1:

Example 2.

00 n

Examine the convergence of series 2—
n
n=1

Solution:
2n+l
n+l

lim| %] = fim 2L = i 72 i 222 22 i 5= 2 Here we get that r = 2, which tells us that

n—>oo‘ an n—on 27 n—w (l’l+1) newz/'(n_i_l) n—o 5+ 1
n

0 2}’!

Z— iverges

n=1 n



Example 3.

N
Examine the convergence of series Z—(2n D Ll
m!t 2™
Solution:
_@n=n . | |
Hereis a, am! 2n+1 , And to remind ourselves what this two-factorial means...
n)!!

n!'=nn-1)(n-2)-...-3-2-1
n'=nn-2)-(n—4)-...-

Depending on whether n is odd or even, when there is !! we get to 2 or 1. For example:
101'=10-8-6-4-2

911=9.7-5-3-1

Here, we encourage you to keep track of the brackets , because (n!)!# n!!

To get back to the task:

Qu+hll 1
lim %] — i G2 272 2" Qu+!t 2!
ng{lo‘ ‘_ e (2n=DI 1 = 2n+2'(2 DI 2+
e n=D! 2n+2)!
Qm)lt 2"

Lo 2T @ra el T
e T Qe 2n+2) M

1 2n+1 |1

"—>0°2 2n+2 |2

So, r= "1, then given series converge.

Example 4.
> nl
Examine the convergence of series Zn—n
n=1 N
Solution:
(n+1)!
agl . (D)™ (n+D)! R N A n" . n
lim | = lim =lim . -=lim =lim| —
n—>oo‘ a, ‘ n—w i‘ n—o  pl (n+1)”+ n—w }o{f M(n+1) n—o\ 141
n}’l
1 . 1 1
=hm) | Sl = =2

— 1+i
n n
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Let's solve this in another way.

We will use something which is often used when there is n!. This is the so-called Stirling approximation:

Now we have:

_n! \/2n7r-}/-e’” _~N2nrx
_nn / - e?‘l

Try again this criteria:

J2(n+)7
Na| T e Paebr £ 2rm+l) _
n%oo‘ a, n—»w m H—>0 en+1 \/% n»oo/_e }‘ﬂ'\n

n

lim
e?‘l
—tim L[ DL
n—»0 e n e

tezi 1

So, r = 1/e, this series converges.

Example S.
® P
Examine the convergence of series —
n=1 n '
Solution:

(n+1)""
! gl n+1)” ! ’
lim |22 = lim (n+1) :lim(n+1) T :lim( ) M >l\ :hm(n—’_lj B
n—>oo‘ a ‘ n—w n? n—w n? (n+l)| n—w n? MN n—w n

n

n!

W
. 1y 1Y)~ lim 2
=lim|1l+—| =lim|1+— =" =g’ =1
n—>0 n n—o0 n

Criterion is undecidable, apply an approximation:

n? n? nt.¢e"

a = ~ =
"n! 2nz-n"-e" 2nrm-n"




(n+1)"-e

i |Gt | \/2(n + 1)7z (n+1)"! —lim N2nzr e 0" (n+l)’

n—)oo‘ an n—o e n—o \/2(7’!4‘1)72' e (n+1)”+1 nl’
\/2n7z -n"

lim \N2nx >”\-e n" (n+1)?

el 2+ | ¥ (n+1)-(n+1) 0’

tezi 1

n P n
time-[ 2 | {21} pime [ 14— —1] L —time.
e \n+l) n+l|\ n "= n+l n+l o=

tezi 1

n n-(—n—-1)———
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So, given series converge.

Roots Cauchy criteria :

If fi i there i lim¢la| =p then:
Or Series Zan €ere 1S HLI’E an| p cn

n=1

- For p>1 series is divergent
- For p=1 undecidable
- For p<1 series is convergent

Example 6.

n _1 n(n-1)
Examine the convergence of series Z(—lj

n+

Solution:




) n—1Y""  (n=1Y » C(n=1\""
lim 2 =lim| — =lim| —— =
n—0 n+l1 n—wo\ 41 n—wo\ 141

n-1 n—1 n—1
lim(1+n—_1—1j :lim(l+wj :lim(l+_—2j _
= n+1 n—» n+1 n—»00 n+l1

n(n-1)
. 1 . S n—1 o
Asis r= — <1 ,series (—j converge by Cauchy criteria.
n+l1

n=l1

Example 7.

o 2n—Inn
. . I+cosn
Examine the convergence of series Z _—
2+cosn

n=l1

Solution :

Inn Inn

2n—Inn n(2—) 2=

) 1+cosn . 1+cosn n . 1+cosn n
lim p|| ——— =lim#/| ———— =lim| ———
n->x \[\ 2+ cosn n>o \[\ 2 4+ cosn n—o\ 2 4+cosn

Inn

We know that =" approaches 0 when n tends infinity , and cosn can not have more value from 1.Then:

27111—” 2-0 2
e Qnac L TN (R R Y ) i Y
n>o\ 2 +cosn noo\ 2 +1 noo\ 3 9

So, this series converges.

Raabe criteria :

a?‘l

If for series Zan there is lim n( —1) =t then :

n=1 n+l
- For t>1 series is convergent

- For t=1 undecidable

- For t<1 series is divergent



Example 8.

e Y
Examine the convergence of series z (2n-D! 1
n=1 (2”) ” 27’1 + 1

Solution :

2n-D!! 1
I 1\ "
lim (-2 1) = lim n (=D 2%y i (2n-D!1 2n+2)!12n+3
n—wo g n—o (2n+1)” 1 n—»o0 (2I’l+1)” (21’1)” In+1

n+l

(2n+2)112n+3

lim n( Qa0 2n+2) WY 2143 )
=limn )=
(20 +1)M m 2n+1

_ 2

lim n((2n + 2)(2n2+ 3) )= lim n((2n +2)(2n+3) : (2n+1) )=

n—>o (2n+1) n—e (2n+1)

. 4n* +6n+4n+6-4n* —4n—1 . 6n+5

=11mn( > ):hmn —2):

n—>o (2n+1) e (2n4+1)

. 6n’+5n 6 |3

=lim———=—=—>1

o4 +4n+1 4 |2
This means that this series , by this criteria converge.
Example 9.

0 ' n
Find the value of the parameter p so that z ,;+p converges.
n=1 n
Solution:
First we handle the term -2
an+1
nle"
a, = " . n!l € (n+1)""r 3 n! e" (n+1)""-(n+1) 1 +1)"7
a,, (m+Dle"™  (m+Dle™ "™ (n+1)-nle"-e n"’ e n"t
(n +1)n+1+p

1(n+lj”+17 1( l)n+P
== — =—|1+—
e\ n e n

Now , we use :



n+p
" =0, where is ®=(1+1J
n

( 1 nrp ln(Hl)HP (n+p)ln(l+l)
1+— =e "V =e !
n

We have:

an ~ 1(1+ljn+P zle(n+p)ln(1+%j ) (n+p)ln(1+%]
an+l e n

—1+(n+p)ln(l+lj
—e e =e "
e
o x"
For ln[u;j wewilluse: In(l+x)=> (D" -1<x<l
n=1
1 1 1
In(l1+—)=—-—+0(—) now:
n n 2n n
1 1
_ 1 11 1 L. p p p 1 1 LT pP——=
1+(n+p)ln| 1 - S o(— - ‘ ‘ ro(L T2,,4
a, _ +pym(1+] =TI D L ) Lo 214 h 2 ocl) when s o0
an+1 n n
Raabe criteria:
p : p :
. a . . 1
lim n(— 1) = lim n(1 + —2 —1) = limn—2 = p——
n—o0 an+1 n—o0 n n—0 n 2

Now, we think:

1 .
p - >l>p> 3 series converges.

Cauchy integral criteria

If the function f (x) decreases, it is continuous and positive , then series z f(n) convergent or divergent
simultaneously with integral .[ f(x)dx
1

n=1

Example 10.

=1
Examine the convergence of series Z—a

n=1 n
Solution:



We are looking at the integral: J-Ladx
X
1

® 1 4 1 A _a 4 A*()Hrl 1
j dx=1lim | —dx=1lim | x dx—hm / - )=
lx A—>oo1 X A—)ool A—>o —cy + A—>oo _a_lr_l _a+1
—a+l
i) If a>1 then 11m(A ! )=0— P 1
oo —g+1 —a+l -a+l a-1
—a+l 1
ii) If <1 then lim( - )=

oo —g+]1 —a+l

Thus, the series converges for a>1, and diverges for «a <I.

Example 11.

Examine the convergence of series if a, = where is n>1

nln? n
Solution:
© 1 A
j dx = lim dx
> xIn” x a-=e xIn” x

First we solve the integral on the side without a borders:

Inx=t¢
—p+l I-p
J- 1 dx =11 =J-idt:.[f"dt: f _!
x1npx —dx:dl‘ tp _p+1 l_p
X
f T P l=p 1-p
J' U e tim [ v = lim (Inx)"™" /4~ lim (In4)"" (In2)
len”x A—mlenpx Ao | — p Ase |- P 1— »
=p -p 1-p 1-p
i) If 1-p<0—p>1 converges (nd)™ (n2)7 ., (n2)”" ({In2)
I-p 1-p I-p p-1

1-p 1-p
ii) If p<l diverges lim (nd)y” _(n2) =
A—o l_p l_p



Gauss criteria

If for series Z a, thereis

n=l1
Dy :l+ﬁ+0( 11+g) for Ve&>0 then:
an+1 n n
1) If A>1 series is convergent
i1) If A<1 series is divergent

111) If =1 then { for £>1 is convergent }

for u<1 is divergent

Example 12.

. . &l en-pnl
Examine the convergence of series z (2—)”
n)ll

n=1

Solution:

[(h—l)!!T
a, | Cmt | _[@n-pr@asn]" [ @n-Dit @n+2@mt| _[2n+27
4 [ @n+ ”_[<2n+1>!! (2m)! } _[<2n+1><2n—1)n (2m)! } {ﬁ}

Now pack a little the term and we use binomial formula:
2n+2 " [2n+1+1]" . "
2n+1 2n+1 2n+1

— p P 1 0 p p-1 1 1 p p-2 1 2
_(ojl Gt +(1j1 Gt {2}1 G "

=1+—L2 4 p(p+1)2+0(i2)
2n+1 |2(2n+1)

p/2
n+1/2

=1+p—/2+o(L2)
n n

=1+

+0(i2) when n — o0
n



al’l

. ) 1
This compares with S o(—)
n n

an+1

It is clear that A =1 and we need u =§

1) If =L 515 p>2 series converges
H > p

i) If =L 15 p<2 series diverges
H > p
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